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ABSTRACT

We present an explicit solution to an optimal stopping (investment) problem in a modal described by stochastic
delay differential equation representing the dynamics of a risky assets (for example stocks). The method of
finding the required explicit solution is expressed in terms of the solution of a corresponding free boundary
value problem.
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I. INTRODUCTION
Suppose that a person's stock in a given market varies according to the following 2- dimensional
stochastic delay differential equation (SDDE):

dX,(1) =| 6, X, (1) + a, [ exp (Xs) X, (t+s) ds + B, X, (¢ —s5) |dt

-0

+0, X, (t)+ f, exp| (A10) jexp (As) X, (t+s)ds |dB,,t>0 (1,1)
X,(s) =&(s) for =60 <550 (1.2)

dX,(1) =| 0, X, (1) + &, [exp (As) X, (t+s) ds + B, X, (1 +5) |d1

-0

0
+0,X,(t)+ B, exp| (A9) Iexp (As) X,(t+s)ds |dB,,t=0 (1.3)
-5
Xz(s) =n(s) for —6<s5s<0 (1.4)

Where bi: R?— R and oi: R*— R are given functions , ( i = 1,2 ), O is the (constant) delay, A
Risaconstantand B(t)=B,(t,@),B,(t,m) t 20, @ isa2-dimensional

Brownian motion.
The solution of (1.1) , (1.3) with initial path (1.2), (1.4) is denoted by

X l‘f , X () . For conditions for existence and uniqueness of solutions for such equations see
[M1], [M2]. The law of ()(1'f ,Xg)(l‘) is denoted by a Qgﬂ (¢) and the corresponding
expectation by £ o .
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Historically the optimal stopping problem was strictly connected with the problem of the optimal
exercise time for the American put option. It has a deep connection with free-boundary problems.
Since the dynamics of the considered system is a delay system, it is known that the studies of such
problem are quite hard. The difficulty arises from the fact that it has an infinite dimensional nature.

In our approach to solve the given optimal stopping problem, we assume that the state variable to be
composed of a couple. The first component in this couple is a real variable carrying the present of the
system while the second one is some weighted average. This assumption reduces our infinite
dimensional problem to a finite dimensional one.

II. THE OPTIMAL STOPPING PROBLEM

Let X, (s)=X (t+s ) , —0=<s5s=<0,¢ 2= 0.ie X, is the segment of the path of X,
from t — 0 tot.

Let X (Z) = (sz ,Xg)(t) be the solution of the systems (1.1) - (1.3) and let g (the reward
function) be a given function on R?satisfying the following conditions:

@) g(&.m)20, V(&) ek

(if) g is continuous

Find the optimal expected reward and the corresponding stopping time ¢ for X (¢) such that:

O (s(£.7))=sup B[ g (o, (Xf (). 7 ). (x2(0). 1, )] 2.1

Where

Y (t) = i exp (As) X, (t+s) ds (2.2)
and °

Y, (1) = } exp (As) X, (t+s) ds (2.3)

We assume that the value function @ depends on the initial path ( E,n ) only through the
following four linear functionals:

X, = Xi(¢) =¢(0) (2.4)

X, = X,(n) =n(0) (2.5)
Y, = Y (&) = iexpms) £(s) ds (2.6)
Y, = Y, () = iexpusm (s) ds (2.7)
®(¢,n)= @ (x.x,.7.7,) (2.8)

Where @ : R* — R Such idea is used in [ EOS].

III. VARIATIONAL IN EQALITY FORMULATION

Suppose the functional F: R x R x C[-9, 0] x C [, 0] — R is of the form:
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F(t>X17X2,3771>772) = F(t,Xl,Xz,,Yl(ﬂl) .Y, (Uz))forsomefunction
fe Clh22L (R3 )

Ito formula

Define
G (1) = F (s+, (x5 (1), % (X7 () x7 ()%, (x70) (3.

Then we have

) )
dG(t)=Lfdt +a—f0'1(x1,y],zl)dBl(t)+a—f0'2(x2,y2, z,)d B, (1)

X Xy

+8f (xl—exp(—ﬂuéz]) —lyl)dt + of (xz—exp(—/15zz) —/Iyz)dt + (3.2)
o0y, 0y,
Where
LF=LF (”’xl sX 25 V15V252152, ) = aa_f + b](xl’yl’zl )ﬂ + bz(xzayz’zz )ﬁ
u ox, 0x,
2 2 2
%(712 (xl s V152 )in +%O-22 (xzayz’zz )aaxzi +2 o0, (xl s V152 )O-z (xzayzazz )aaxl gxz (3.3)

And L F (u,xl s X 5 Vs Vs 02152, ) and the other function are evaluated at
u=s+t,x =x (X7 () =X (1), %, =x (X ()=X/() , L=X(X; ()

= [ exp (A5)X{ (1+5)ds . Y, =V, (X7 ()) = [ exp (As)X] (1+5)d s (3.4)

and

2,=2,(X; () = X; (1-6) , z,= 2z, (X () = X] (t=5).
Dynkin formula

Let [ € chrat (RS ) Then for t 0 we have

E5Sr|f (e45, X5 () o0 (X5 Q) L X2, v (X7 () |=7(5.600), 1, (E), 7 (0), v, (1)

+ES’§”7{J‘(:( f+ of [xl—(—}u 0)z, =4y, ]+ of

oy oy, [x,—exp (=4 )z, =1 y, ]j dr } (3.5)

Where L F (u 3 XX 55 V15 V0 521 52, ) and the other functions in the curly bracket are
evaluated at
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u=s+i,x :Xf(’”)a X, = Xg(r)aylzyl(Xt§(~))a y2=y2(Xf(.)),

Z = X{’E(r—é'),zz = Xg(r—é')

Theorem 1 (Verification theorem). Let S = (R+ ) i

Suppose we can find a nonnegative function ¢: —R such that
(i) ¢ e C22H (SO) A (S)
(if) ¢ (xl » Xy ) ayz) 2 g(xl s Xy 5 ) ’yz) onSand =gon 0S

Define the continuation region D . Assume D has the form:
(iii) D := { (xl X0, ,yz) e S .y (x1 ) ) < uv, (x2 Y, ) }, For some Lipschitz
continuous function % : R* —> [0 5 OO)

(iv) g € C**M (S \oD ) , where the second order derivatives of with respect to xi, X2 are
locally bounded near D

(V) L <0  onS\D

i) L = 0D

i) The family {4 (X7 (2), 3, (X5 0) ), X2 (@), 0, (X7 () ) 1727,

is uniformly integrable w. r.t. Q%" V/ ( é,n )2 0.

iii) 7, =inf {t > 0, (X{ @), v (XF0))), (X27@), 3, (x7()))e D} <wa.s

OV (&£,)20.

Then, with
W@ = [ exp(As)E(s)dsand y, () = [ exp (As) 7 (s)ds

and

=1, (3.6)

is an optimal stopping time for problem (2.1), for the proof see (10.4.1) in [Q].

IV. EXPLICIT SOLUTION OF PROBLEM (2.1)- CONSTANTS COEFFICIENTS
CASE

In equations (1.1) — (1.4) if the coefficients B, o, , f, and O, are such that :

0

dX, (1) = [ ) Xl(t)+a1I5 exp(As) (X, (t+s))ds + B, Xl(t+6)}dt

+ X, (t)+ f, exp (A5) U‘: exp(As) (Xl(t+s))dsj o,dB, (1) ,t20 (4.1
X, (s)=<&(s) for —6<0<0 4.2)
and

o ” 45

JESR (C)Global Journal Of Engineering Science And
Researches



[Elsanosi,2(9): Sep. 2015] ISSN 2348 - 8034
Impact Factor- 3.155

0

dX,(t)= [ HzXz(t)+a2I§ exp(As) (X, (t+5))ds + f3, Xz(t+5)]dt

+ X, (t)+ B, exp (A5) UZ exp(As) (Xz(t+s))dsj o,dB,(t) ,t20 (4.3)

X,(s)=1n (s) for —6<0<0 4.4)

Then in view of theorem (1) we try to find a function ¢ of the form

¢(x17x2 aylaJ’z) = ‘//(xlaxz ’ylayz) vi(x,) < uv,(x,,y,)

¢ ('xl’x2 ’ywyz) =& (xlaxz ’ylﬂyz)vl(xlﬂyl) 2 1y (xy,),)
Where u is a constantand g (X, ,%,,9,,7,) = X, = x, + exp (A &) (B, y,— S, ,)

The condition L ¢ = 0 gives

0 0 1 0’
(91x1+a1J’1)_W+(6’2x2+azy2)_l//+_012(‘91x1+ﬂ1eXp (A0) )ﬁ)z—l/z/
ox, ox, 2 0x,
1 0’ 0 0
—0'22(92x2+ﬁ2exp (49) yz)z—f + (xl_/l)ﬁ)_l//""(xz_ﬂ%)—l//
2 0x oy, 0y,
vz p Woexp (-46) 2] g DWooxp -2y 2|4
ox, 0y, ox, 9y,
%
20,0,(6,%,+B, exp (26) v, ) (63, +B exp (26) v, ) =0 (4.5)
0x,0x,
Therefore L @ = Oforall z, , z,if and only if
BV epcanY 0 12 (4.6)
ox, 0y,
and
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2

0 0 1 0
(‘91 X ta yl)_w +(92 X, ta, J’2)—W + = 0-12(91 x, +p,exp (A19) J’1)2 —lf
ox, ox, 2 ox;
1 0° 0 0
~ 03 (0,3, +B,exp (26) 1,)* S + (3 —Ap) S+ (1, -4y,) =2
2 0x 0y, 0y,
0%y
+20,0,(0,x,+B, exp(15) y,)(0,x,+B,exp (A5) y, )a— -0 (4.7)
x, 0x,
Equation (4.7) holds if (x1 X5, ) ,yz) =h (v1 ,vz) for some function1:R* — R where
v (x,0) = x +Bexp(26)y (4.8)
Vz(xzayz) =x, + f,exp(45)y, (4.9)

Substituting this into (3.6) we get:
_ oh
(0,8 exp (20) [+ (0, + 8 exp (25)") (=2 f,exp (20) )y, |5

1

. oh
£ (6, +f 5 exp (A6) [x, + (6, + B, exp (1) ") (@, =4 B exp (15) )y, ]av
2

2 2
+10'12 v oh +L Vi 8_izz+22 o,V vza—h =0 (4.10)
2 ov, z, 5

ViV,
Suppose that

a, = B ,exp (A5) (1+6, + pexp (A5)) (4.11)
a,=fB,exp (A5) (1+ 6, + f,exp (A5)) (4.12)

Then (3.10) gets the form
oh 1 , ,3h

oh
(6, +8,exp (28) Jv,—+ (6, +foexp (A6) ) v, — + =0} v
v, v, 2 ov,
2 2
+Lv§ M +z,0, Vv, ﬁz 0 (4.13)
Z, avz 8v16v2

Let us try as candidate for solution
h(v,v,)= Cv/v)7 (4.14)
For suitable values the constants C >0 and » >0 . Equation (4.13) then gives

Ly = Cv/v,’ {% 7’ v( o=, —%VJ y+ r2:| (4.15)

where
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rni= (6 + Bexp (46)) (4.16)
”2::(6’2+ﬂzexp(;b§)) (4.17)
and

v =0] -20,0, 0, (4.18)
Hence

Ly =Lh(v,v,) =0 (4.19)

if and only if satisfies the equation

%y2v+[lf1—rz—%vj7/+r220 (4.20)

The solutions of this equation are:

1|1 1Y
y = Ev +r,—n * ”1_7’2_5" -2rv (4.21)

v
Since we need to have » > 0 , we must require 7> ;. From now on we

choose the plus sing in (4.21). For this value of 7 put

w(x,%,9,.,) =h(,v,) =Cv vi7  for some constants C.

The requirement = g when vV, = L V, gives

Cluv,) vi7 = uv, —v, . ¥V v, 20 or Cti/ = 1

The requirement L = L g when v, = g v, gives C(,u v, )771 v =1

and C(l—}/)(,uvzy v,” =—lthatis Cyu’" =1,and C(1=p)u’ =-1

The last three equation have the unique solution
=1

/U=L , C=1(L1] Lg(v,,v,)<0iffv, > uv,
7/_

The optimal strategy is to stop the first time the process,

(Xf (t), » (Xf ()), X7 (t), y, (X,” ())) exits form the domain

D= {(x.x,,7,,5,)€[0,0),[0,0),[0,00),[0,00): 5, + frexp (26) v, = uv, (4.22)
We need to check  when v; p vz . To this define
K (Vlavz) =y (Vl’v2)’g (Vl’vz) = Cvlyv(zliﬂ —Vi+v, L, v,v,20

Then we have K (vl, vz) =0 , if v,=pv, . Moreover
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0K O, : .V

— =C yv/"'" v =1 =0,if and only if - =pu

o v, v,

Since —>—=1,v,—> 0, wemust have <0 forall v, < g v, and

12 ov,
therefore K(vl,v2)>0f0r v, < Uv, .

Thus we conclude that ¢ = ® and 7" = 1p,

Theorem 2 Suppose &, , &, ¥, , 1, , 4, C and y satisfy the following

conditions: 7, > 7,
where 7;: = (6’[+ B, exp (/15)), i = 1,2 and

Bexp(AS5) (A +6, + B exp(AF))

a. .

1

1-v
Y7, Y , C=l Y Then:
v —1 v (v =1

@ (g,77)

Q)(xlaxz’yleJ’z): ‘//(xlaxzoyloyz);Vl(xlvy1)< /Jvz(xzoyz)

®(g,n) = ¢(x1>x25y19y2): g(xlaxzay1aY2);V1(x1ay1) 2 zuvz(xzayz)

The optimal stopping time 1’is the first time the process

(X (), v, (X2 (). X2 (0), v, (X7 (.))) exist form the domain D, where

D= {(x,x,,5,,9,)€[0,0),[0,0),[0,0),[0,00): x,+ fexp (16) y, 2 uv, }
Remark: If we let the delay & approaches to zero then equations (4.1), (4.3) become

dX (t)=(6+p )X,(t)dt +o, X,(t) d B/ (1)

dX,(t)=(6,+8, )X,(t) dt +o, X,(t) d B,(t)

The corresponding solution is

®(x,, x,) =Cx/x\7for x, < x, will then be the limit of

®(¢c, &) =D,(¢, &) , §>0" asin[HO.
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